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ABSTRACT

It is shown that the distribution of a random line in the plane can be determined
from the probabilities of hitting segments which are directed to a fixed point. The
relation of the problem to the theory of the Radon transform is explained.

1. INTRODUCTION

Let 7 be a random line in the Euclidean plane. For every segment s in the plane we
denote the probability that v intersects s by ¢(s). The results of Ambartzumian (1976)
concerning line measures imply that the distribution P of 7 is uniquely determined by
the system of all probabilities ¢(s). Moreover, explicit formulas are known which enable
the calculation of P from the c(s) (Mecke and Nagel, 1982).

In this paper it is demonstrated that for the determination of P one only needs
the probabilities c(s) for segments which are directed to a fixed point. The problem is
very theoretical and may be regarded as belonging to the two-dimensional mathematical
stereology. But it seems to be interesting because not only moments but a complete
two-dimensional distribution is calculated.

In section 4 the special case is considered that the distribution P of 7 has a density
p. The Radon transform p of p can be represented as a function depending on the
probabilities c(s). A general solution without using densities is given in section 3.

The analogous problem for a finite number of random lines may be treated in a
similar manner.

2. PROBLEM
In the following the Euclidean plane is identified with the space R? = {(z1, ) :
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x1,22 € R}, where R is the set of all real numbers. The set of lines in R? is denoted by
G.

Let v be a random line, i.e. a random element in G. Its distribution is a probability
measure P on G. The problem described in the introduction can be formulated in the
following way: Let Go be the set of all lines containing the origin O = (0,0). We
suppose P(Gy) = 0. For every h € Gy the intersection point of the random line 5
with h is denoted by 9(k). Is it possible to determine the distribution P of v from the
distributions of all 9(h), where h runs through the set Go?

An affirmative answer is given in the next section.

3. SOLUTION

The inner product of x = (z1,2;), y = (y1,92) € R? is denoted by (x,y) =
T1Y1 + T2y2, the norm of x by |x| = (x,x)1/2.

Let a(g) be the foot of the perpendicular from the origin O to the line g € G\Go.
Put

z(g) = |a(9)|a(g) ; g € G\Gyq .

Then the random line v is uniquely described by the random point ¢ = z(y). (Note
P(Go) = 0.) The distribution of ¢ (and hence P) is uniquely determined by the char-

acteristic function (Fourier transform)
f(t) = Eexpli(t,()] ; t€ R, (1)

where E denotes the mathematical expectation and i = /=1 the imaginary unit.

The problem is now to calculate f from the distributions of the random points n(h);
h € Go. Given t # O, let h[t] be the line containing O and t. Then the intersection
point of A[t] with the line g € G\G is given by

hlt]Ng = (t,z(g)) 't . (2)

If (t,2(g)) = 0 (g parallel to h[t]), both sides of (2) are said to equal oo. According to
(2) the random intersection point n(h[t]) = v N k[t] satisfies

617 /(n(h{t]) , t) = (&,¢) . (3)

If n(h[t]) = oo, we say that the left-hand side of (3) equals 0.
From (1) and (3) we obtain the result

f(t) = B exp[dt|*/(n(R[t]),t)] ; t#O. (4)
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This formula implies that for fixed t # O the value f(t) only depends on the distribution
of the intersection point of the random line 7 with the line A[t] € G,.

4. PROBABILITY DENSITIES

We suppose that the distribution of ¢ has a density p on R?, Then for given u € R?
with |u| = 1 the random variable (u,¢) has a distribution density w(u;-) with

w(u;7) :/ p(ru+zut)da |

where (u,ut) =0, |ut| = 1. In other words, w(u;7) is the Radon transform of p for the
line ¢ = g(ru) which perpendicularly intersects k[u] at the point ru, i.e. z(g) = r~1u.
Using the notation of Helgason (1980) we can write

w(u;r) = pg(ru)) ; |u| =1. (5)

According to (3) we find

(u,¢) = (n(h[u]),u)™"; |u|=1.
Hence
w(u;r) = b(u; 1/r)/r?, (6)

where b(u;-) is the distribution density of the random variable (n(h[u]), u).
Formulas (5) and (6) imply :

5(9) = [2(9)I* b(I2(9)| *2(9); la(9)l) ; g € G\Go .
Now the desired probability density p can be calculated by the inverse Radon transform.
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