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ABSTRACT

This study is based on observations of the growth of arteries and capillary networks in the
chorioallantoic membrane (CAM) of incubated chicken eggs. The structure of the capillary layer can
be described as a planar, area-filling hexagonal grid, whereas the arteries are see.n in a plane
underneath the capillary plexus, resembling a bifurcating vessel tree. Further biological observations
strongly suggest that the larger vessels do not form sprouts but that they exclusively originate from
capillary proliferation and enlargement. A model for this mechanism of blood vessel formation has
been developed and compared with anatomical and physiological data.

In a computer simulation, growth of the network is driven by a stochastic process starting in a
point source. The probabilities for the formation of new capillary elements are derived from the flow
theorem of Hagen-Poiseuille and the diameter exponent. The hexagonal grid is visualized as being
supported by a flat limited area, a cylinder, and a sphere. The time course of growth and of blood
pressure is obtained. The resulting arterial tree is considered to have limited fractal properties, and
the dimension of its border is compared with the biological data.
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INTRODUCTION

The development of tree—like structures like the mammalian bronchial system or the vertebrate
vessel system has been of special interest to both anatomists, biophysicists and mathematicians
because of their optimality properties concerning surface-volume ratios (\'Veibel 1984), specific
volume density (Sernetz et al. 1985), and conductance (Spatz i991). Moreover, they seem to follow
comparatively simple developmental rules (Weibel I985). The concepts of fractal geometry, of self-
similarity and of iterative functions rendered the first synthetic models of mostly regular trees
(Mandelbrot 1977, Mandelbrot 1982, Bittner 1991), which already compared favorably with nature
(Peitgen and Saupe 1988). In the case of trees, sell‘-similarity of the growing branch tips, together
with the diameter exponent A, allowed to synthesize nice regular patterns. The diameter exponent
essentially describes a relation of the branch thickness before (d) and after (dl, (I2) a bifurcation by

. dA:d]A+(l2A (1)

This relation describes the branch thickness completely except for a scaling factor, which may be
given by the thickness of the trunk. If a fluid is to flow through the tree, further limiting conditions
can be derived from hydrodynamics, i.e., in the ideal case of laminar flow of a Newtonian fluid, from
Hagen-Poiseuille’s law.
















