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1 Introduction

In the classical literature, thanks to the Gelfand-Fuchs cohomology (see [5]), the differential
operators invariant with respect of the diffeomorphism groups can be interpreted in terms of
the Lie algebras of vector fields. Usually, one considers differential or bidifferential operators
acting on various spaces of tensor fields on smooth manifolds. Many classification results of
such operators are available now. In [6], the authors considered the Diff(S*)-module D, , of
linear differential operators A : F\ — F,, where F and F,, are the spaces of tensor densities
on S! of degree A and p respectively. The module D), has a natural filtration:

0 1 k
DX €Dy €Dy, C

In [6] the algebra of symmetries I]/\“# of linear maps 7' : D’j\jju — D’i,u commuting with the
Diff (S')-action was computed.

In this paper we are interested in the study of the analogue super structures. Namely we
consider the superspace ©) , of differential linear operators A : §\ — §,, where § and §, are
the spaces of tensor densities on the supercircle S of degree A and u respectively. Naturally
the Lie superalgebra Vectc (S 1|1) acts on D) ,, but, we restrict ourselves to the superalgebra
0sp(1|2) which can be realized as a subalgebra of Vectc(S''). The osp(1]2)-module Dy, is
also filtered [7]:

1 3
0 2 1 2 2
D3 €Dy, CDy, CD3, c@ c@

In this context, we compute the space ’Jk M of linear maps on ’Dk commuting with the
osp(1|2)-action which we call the superalgebra of the orthosymplectlc supersymmetrles of the
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modules @’f\ . We give explicitly the dimension of this space. Some examples of elements in
3’}\’ 4 for some particular values of k, A, u are investigated. We hope to be able, in the immediate

future, to determine the algebra of linear maps on fD’f\’ u commuting with the action of the
superalgebra k(1) of contact vector fields. A work in this framework is currently being.

2 Preliminaries

The supercircle S'1! is the simplest supermanifold of dimension 1|1 generalizing S*. It can
be defined in terms of its superalgebra of functions, denoted by C&°(S 1|1) and consisting of
elements of the form:

F(2,0) — fo(x) + fi(2)0,

where x is an arbitrary parameter on S* (the even variable), § is the odd variable (2 = 0) and
fo, f1 are C*° complex valued functions. We denote by F’ the derivative of F with respect to
z, ie, F': (x,0) — fi(x) + fi(x)0. Let Vect(S'!) be the superspace of vector fields on S/

Vecte(S11) = {Foaz +Fidy| Fe C@O(sl\l)},

where 0y stands for % and 0, stands for a%. The space Vectc(S') is a Lie superalgebra.

Consider the vector fields D and D defined by (see [8] for the interpretation of these fields):
D =0y + 600, and ﬁ:@g—&@x,

one can easily checks that 4
D% = D =9I, ¥j e N.

The distribution generated by D defines a codimension 1 non-integrable distribution on SI!
called the standard contact structure on S which is equivalently the kernel of differential
1-form

o = dx + 0d6.

A vector field X is said to be contact if it preserves the contact distribution, i.e.,
[X,D] = FxD,

where Fy € C(S'!) is a function depending on X. We denote by k(1) the Lie superalgebra
of contact vector fields on S™'. An element in K(1) can be expressed for any f € e (Sm)
as (see [7]):

—2 1
X;=—fD + ;DD (2.1)
The contact bracket is defined by
[Xf’ Xg] = X{f7g}

and the space Cg° (Slll) is thus equipped with a Lie superalgebra structure (isomorphic to
K(1) ) thanks to the bracket:

U9} = I = f'g+ 5(~)D D)D),
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where | | stands for the parity function. The action of (1) on C(S*!) is defined by:

£x,(9) = fg + 5 (-DID(f) - D).

We consider the orthosymplectic Lie superalgebra osp(1|2), which is the smallest simple
Lie superalgebra. It can be defined as the real algebra with basis (H, X, Y, A, B), the elements
H, X and Y are even (with parity 0) and the elements A, B are odd (with parity 1), the
bracket is graded skewsymmetric, it satisfies the graded Jacobi identity

(=)W, v, Wi+ ()M Iv w, ol + ()" IV ol v = o.

The commutation relations are:

[H,X] = X, (H,Y] = [X,Y] = 2H,
[HaA]_%Av [XvA]: [KA]:_Ba
[HvB]:_%B7 [XvB] [YV,B}:O,
(4,4 = 2X,  [A,B] = B, B] = -2V,

?

The even subalgebra (0sp(1]2))o of 0sp(1]2) is of course the simple Lie algebra s[(2), with basis
{X, Y, H}. From the relations, it is clear that, as a Lie superalgebra, osp(1|2) is generated
by its odd part (0sp(1]2)); = Span(A4, B).

We can realize the superalgebra osp(1]2) as a subalgebra of (1) (and evidently of Vectc(S'1))
by setting using (2.1)

(_anXla _Xx272X97X1‘9) = (H,X’KA, B)

It is well known that if we identify S' with RP! with homogeneous coordinates (7 : z2) and
choose the affine coordinate © = x1/x9, the vector fields @ x dcfc, xQ% are globally defined
and correspond to the standard projective structure on RP". In this adapted coordinate the
action of the algebra sl(2) viewed as the subalgebra Span ( dci, x d‘i, x dw) of the Lie algebra
Vect(S1) is well defined.

As in the S'-case, there exist adapted coordinates (z,6) for which the osp(1]2)-action is well
defined (see [7] for more details).

We denote by §» the space of all weighted densities on S of weight \:
F\ = {Fof‘ | Fe c;go(slll)} (o = dz + 0d9).
The action of 0sp(1|2) on §) is given by
X, (Fat) = ((Go, + %D(G)ﬁ)(F) + A\G'F)a?
Any differential operator A on S defines a linear mapping from Fy to Sy for any A and any

pby: A: Fa* — A(F)a*, u € R, thus, the space of differential operators form a family of
0sp(1]2)-modules denoted D) ,, for the natural action:

LY (A) = &y 0 A~ (-)MI%A0 ),

For more details see, for instance [1, 2, 7].
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3 The algebra Jlj’u of orthosymplectic supersymmetries.

Lemma 3.1. [7] Every differential operator A € Dy, can be expressed in the form

Z .
A(fa?) = ai(z,0)D'(fo*, fe (s,

i=0
where the coefficients a;(x,0) are arbitrary functions and £ € N. Moreover, the differential
operators A is of contact order %, we denote by CD’;M the subspace of differential operators of

contact order < k. For short, we will write the operator A as:
2% ‘
A=>"a;D" (3.1)
i=0

From Lemma 3.1, we win the fine filtration (stable under the osp(1|2)-action) on the space of
differential operators D) ,:

1 3 k
DY, CD},CDy,CD;,C---CD,
Remark 3.2. Since
D =D -20D? (3.2)
every operator A in Dy, can be expressed using D instead of D (see [7]).

Let us now define the main object of our study. Recall that a linear operator T : @’f\ u
”D’f\ ., 1s said to be local if it preserves the supports of its arguments: Supp7’(A) C SuppA, for
all A € Di,u' That is forall open subset U ¢ S, we have

Ay =0=T(A)y =0;YA € DY .
Definition 3.3. If k € %N, the supercommutant TI';M is the space of linear local operators:
T: ’D’f\’“ — @’f\’#
commuting with the osp(1|2)-action:
>\7 Pyp— A? >\7 —
(S T] =& o T — (—1)TWFIT o g4 =0, Xp € 0sp(1]2).

The space 3§ , s an associative superalgebra called the superalgebra of orthosymplectic super-

symmetries of the modules ”}DIX,M.

Lemma 3.4. Let k € %N and T : ’D’f\u — ”}3’}\ u @ linear local operator. Then there exists an

integer m and some functions Tfj € C (S such that

{ m
T(aD') =Y Y T{;D'(a)D’.
§=0 i=0
Proof. Firstly, for all ¢ and for all j, the operator that associates with the function a the

component with respect to D’ of T(aﬁe) is a local operator acting between superfunctions.
Secondly, by the theorem of Batchelor, there exists a fiber bundle E of rank 1 over S' such
that the space of superfunctions C(S 1|1) is isomorphic to the space of sections of the bundle
AN E — S'. Thus, thanks to the renowned Peetre theorem in classical differential geometry,

the coefficients of the operator T(aﬁe) appear as derivations of the function a. O

38



Bulletin de la Societe Royale des Sciences de Liege, Vol. 83, 2014, p. 35 - 48

4 Examples of orthosymplectic supersymmetries

4.1 The conjugation *

Let us denote by B the Berezin integral B : §1 — C given, for any f = fo(x)+ 0f1(x), by the
2
formula

B(foz%) = . fi(z)dx.
So, the product of densities composed with B yields a bilinear /(1)-invariant form:
<., .>:3A®35_A—><c, A e C.
Thus we get the I(1)-invariant conjugation map * : 5 , — :D%—ué—/\ defined by
< Ap,p >= (—1) < ¢, A >
for any A € ©) ,, ¢ € §x and ¢ € S%*u'
Accordingly, in the particular case A+u = %, the conjugation map leads an element in 3’;7 .

A?
for any A € C. An explicit formula for * was given in [7], for any k € %N, by:

(Zaiﬁ) =S (-)FHED o g

i

where for a real number z, we denote by [z] its integer part.

4.2 The projection F,

The space of zeroth-order operator @g L is isomorphic to §,—», it consists of the operator
that are equal to the multiplication by some (x — A)-density. Moreover, when A\ = 0, we get
the projection map

2k
k k ¢
Po:9¢, = 8. CDq A= E agD” — agat
=0

For short we write: Py(A) = ap.

1
4.3 An element of 3 ,, k € 1N and an element of 3,2 , k € N.
L) -

k9
57“‘

For k € %N, we consider the map:
2%k , 2k
.k k Z - Z ¢
Tk.Q/\,%—>©/\é, gioagD '—>£70D (ag)

and for k € N, we consider the map:

k+i k41 Ay { 2k+1

1 1 _ .

A D ,2 — D .2, g agD — agp 1D .
2k M =0

k+3

Then we can easily check that Y} € ’J’;\ cand Ay €T,
2

’2
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5 Aff-supersymmetries

We consider the affine subalgebra of the orthosymplectic superalgebra osp(1|2)
Aff := Span{X;, X, Xp}.

Obviously, the affine algebra acts on the module 33'}\ - Let us first characterize the algebra
of Aff-supersymmetries, i.e, the space of linear local operators T : ’D’;, s 33’}\7 u commuting
with the Aff-action on ’D'}\ u

Proposition 5.1. A linear operator T : ”Dljw — ”Dljw commutes with the action of the vector

fields X1 and X, if and only if for all € in {0,1,--- 2k}, there exist constant coefficients cf
and d¢ such that

l+1

7 (aD') = 2:4DZ D' +9§:¥D’ D (5.1)

Proof. Evidently, by the linearity of [T, Lx], it suffices to check the invariance of 7' on ho-

mogenous operators of the form aD™ for some function a. Indeed, we have

k
T, Lx](> aD') = 0,Yag, ...,ap € C(S') <= [T, Lx](aeD') = 0,¥¢ = 1, ..., k,Vaz € C(S").
=1
Moreover, the invariance with respect to the vector field Xy = 0, yields that the coefficients
Tfj given in Lemma (3.4) do not depend on the even variable z. Thus, we put

T(aD') = > i T};D'(a)D’

]: 1=0

where Tfj = cf7j+0df7j (cf Cijs df] € C) . The action of X, on the operator A = aD' is explicitly

given by the rule

23\(5(14) = (vd’ + 10D(a) + (1 — A= £) a) D'

Since the operator X, is even, the invariance property of T" with respect of the vector fields
X leads to the following condition:

0 = 20, (T(A)) — %ﬁ(m) ( (A)) + /J,T(:IK) —T(A)o (zD? + %Hﬁ—i- A)
—T((xad + 19 D(a)+ (p—X— %)a)D ).
If we look for the terms in ﬁzj for0<j < [g] and for the terms in E2j+1 for0<j < [E_Tl]
in this equation, we get
{0=(é+f—[Dﬂ%D%) 30D(Tfy;)Di(a), 0<i<m, j<[§]
0=(3+j—35+ )T€23+1Dl( a)— 19D(szg+1)Di(a)7 0<i<m, j<[5] .

By substituting respectively cf,; + Qdmj and CMJ-Jrl + 9d£2j+1 to T, 2] and T/ 9j+1 We get

1,27 %
{(é+j—VDé%+ea+q [ﬂ Ddly, =0, 0<i<m, j<[4
(5+7—5+3) o +0(5+7—35)digu =0, 0<i<m, j<[F]

40



Bulletin de la Societe Royale des Sciences de Liege, Vol. 83, 2014, p. 35 - 48

whlchprovesthatc —Ofor0<z<mj#B—ianddﬁj:()forlgigm,j;«éﬁ—i—l—i.
Then one has

¢ 0+1
—fl—i+1
T(aD") )=> iy D'(a a) D" +92d1€ 1D (@) DT,
=0 =1
and by a change of notation, (5.1) is thus proved. O

Remark 5.2. It is easy to prove that the operator T given in (5.1) is even. So, the osp(1|2)-

inwvariance of T means that
[E3 T = 83" o T — T o £3* =0, VX € {Xp, Xup, X,2}. (5.2)
Let us now impose the invariance condition with respect to the vector field Xy

Theorem 5.3. The algebra of Aff-supersymmetries is given by the set of linear operators
T: ’le\u — ”le\u such that

Z .
T (aﬁ) =3 T{D'(a)D" VL € {0, 1, 2k}, (5.3)
1=0

where Tf are arbitrary constants.

Proof. If £ = 2p is even, a priori, T (aﬁ% ) has the general form

2p ] 2p+1 ' . .
T (@2”) =3 " &D(@D? " +0 Y D (a) DT
=0 =1

By a direct computation we have Sﬁ‘(f (aD?) = (6d' + 3D(a)) D*,

. 1— . — 99
Togy (asz) Zc («91)2”2 a)+ ;Do D2’(a)> D*

: 1 o N\ —apai
+ZC2”1 (DQZ+2 @) GDODQZ“(GHQDOD(D”(a))) D2t

. 4 i 4 1 _ . —op_9;
+§92d§fD o D% (a)DP 2 4 ezczmﬂ (D%“(a) +5Do D(DQ’(a))> D*r?
i=1 =0
and

p

_ ) 1 ) —on o

ey o (D) =3t (GDQZ“(a) +5Do D%)) DT
=0

i 1— i 2 21—1 i 1 — i -
+Zczz+1 <9D“3(a)++2D0D2“(a)> " +Zd ( D%(a) ~ 50D o D* (a)>D

1, o
+Zd2$+1< D¥*1(q) — 29D0D2’+1(a)> D7

41
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By taking into consideration the above remark we have

1< _
[T S 7/1 (ID 52 29D21 DQz( )) d2pD2p 2i+1
=1
BN 2Z+2 2i+1 2p 2p 2
+§ Z D -D ( )) d21+1 .
1=0

So, the condition [T, S;‘(g | = 0 yields d?p =0for 1 <i<2p+1. We get the same result when
£ is odd.
L]

6 The main theorem

Finally we come to the main result of the paper, which is the characterization of the algebra of
orthosymplectic supersymmetries of modules of differential operators on the supercircle SI*.
Since [X 9, Xp0] = 2X,2, an operator T commutes with the action of the vector field X2 as
soon as he commutes with the action of X,y. Then, the last step is to impose the invariance
condition with respect to the vector field X,9. The upshot is the following:

Theorem 6.1. The algebra 3’;,” of orthosymplectic supersymmetries is given by the set of
linear operators T : D’/{’# — D’/{’# such that

l
T (aﬁ> =3 " T/D(@)D" W e {0,1,--- 2k},
i=0
where Tf are arbitrary constants satisfying the following equations:
forall £ in {1,2,--- 2k},

{ 0= (1= (=D9A+ [g]) T = (A= (DO + [5] = 1) T3 + (21 — 20 = £+ i)k,
0=(1-(=D)Hx+[5]) T21+1 +((T+ (=1)Hr + [e%l] — i) Tg; = (i + )Ty, .

where 0 <1 < [K_Tl] for the first equation and 0 < i < [g] — 1 for the second one.

(6.1)

Proof. For £ =2p, £ € {1,2,---,2k}, by a direct computation we get

— 1 — — 1 I,
23\(’50 (aD2p> = (x@a’ + ixD(a) +(p—A— p)@a) D7 + (—1)‘a|paD2p 1,

N |

7023, ((a+0a)D”) = Z nf ( w00 4 (= A= p+ gi)bal) + Jwal? 4 ;eaﬁi_lv R
1 7 (] 11—
ZT22zp+1 < Lag oY 4 (W=A=p+ il)aé) + G(xag 4 a( )) + 5zag )> Dt

+Zp T2 @ 10 (1 pp-2i- 1+ p 22Zp+11 z)+9a(()i+1))52p—2i72

and
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2?‘(“9 oT ( ) ZTQQZP < D21+2( ) + %IIZ‘EO DQi(a) -+ (,U/ -\ —p+ Z)9D2’L(a)> EQP—2i+

- Z \a| ZpDQz( )DQP*%*1+

1 A 1 A —9p_9i_
ZTSf’H( 0D**3(a >+QxDoD2’+1<a>+<u—A—p+i+2>9D2z+1<a>) D7

pd k—i—1 -
(~)IITE, D @A+ =)D
=0
Thus

T, 2*“ 1 ((ao + eal)ﬂp) — eV o T —Tog"

Z ( T2 — (p— ) TP + (21— 2) — 2p + i)TQQZPH) (@) — gD

2 Z( L5t + (@A +p— i = DTS (- (0 + 6af )
+(z+1)TQl+2(a§%> _ ba <z+1)) D22

Similar expressions are obtained when ¢ is odd. Equations (6.1) are then readily available. [

7 The dimension of the superalgebra ’Jlj’ﬂ

Consider the graded K(1)-module grD) ,, called the space of symbols of differential operators
and denoted by S,,_», associated with the filtration

1 3
0 2 1 2 2
D3 CDy,C90y,CD;, C C@ C@

As a K(1)-module, S,y is a direct sum of density modules (see [6]):

[o.¢]
AT @ gu#\f%'
i=0

Note that this module depends only on the shift, § = y — A, of the weights and not on u and
A independently. The space of symbols of degree k is isomorphic to §,—x—.
In [7], the authors look for osp(1]2)-isomorphisms

U:@A,“%SN_)\, Q:S#_)\—>©)\’H,

where @ = o~ !. These isomorphisms are called the osp(1|2)-equivariant symbol map and
quantization map, respectively. They prove the existence and uniqueness (up to normalization)
of the 0sp(1]|2)-equivariant symbol map o when the weights 0 is not resonant, i.e. when § ¢
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IN\{0}. They also prove that, for the resonant values of §, there is no osp(1|2)-isomorphism
between © , and S, ), except for the special values:

1—-m 1+m

N o= (7.1)

where m is an odd natural number.
Obviously, when the osp(1|2)-modules D) , and @?io §,—»—: are isomorphic, a non trivial
2

osp(1]2)-Intertwining operator of the module 33’;; ., exists if and only if there exists an osp(1]2)-

equivariant endomorphism of the space @?ﬁo i3 pA—i-
2
In this section, we shall determine by induction on k € %N* the dimension of the space

3’/{7” for all A, i given that

2s
T = §j§jTDl ’ = Tog, => > T/D'(.)D ’eJ;H;vseiN,sgk.
£=0 =0 /=0 =0

We shall get that only situations where the algebra Jk has a dimension greater than 2k+1 are

resonant situations. This result is expected since the only 0sp(1]2)-equivariant endomorphisms

of the space @1:0 3u—>\—i are maps whose restrictions to the space Su—k—l are multiples of
2 2

the identity map. Indeed, this fact is an easy consequence of the fact that the only non trivial
0sp(1|2)-equivariant maps between spaces of densities are given by the multiples of the maps

D" between § 1% and § 14k, where k is an odd natural number (see [7]).
4 4

Theorem 7.1. Let k € N*, then:

_1 . .
dim (3'1;) +2 0f (W) = (ZEEL B e 1 < < s < k

. ko) _
dim (3>\,u) - dim (J)\ > + 1 otherwise.

Proof. We put ¢ = 2k in equations (6.1) and denote by z; = TQQZ-’“_2 (1t =1,...,k+ 1),
Tpyiv1 = T2k, (i = 1,...,k). If we consider Tgf_fll and T22ik:11 as parameters, we obtain a
linear system in the x;-unknowns where j = 1,...,2k + 1. This system accurately determines

. k-1
the relationship between dim (”’; #) and dim (3/\ u2 )
Let M be the matrix associated to this system, then M € Moy o511 (R). We can write the

matrix M in the following form

M = < A C ) A= (aij;),B = (bij) € Mprt1(R), C = (cij),D = (d; ;) € Mi(R)

B D
where :
{aMH:i {@Jz—w—i+n {QJ:_@A+k—n
a; ; = 0 otherwise ’ b; ; = 0 otherwise ’ ¢ij = 0 otherwise
and

di,i:2u—2)\—2k+i—1
d; ; = 0 otherwise.
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Let for a given matrix ' € M,, ,,(R) denote by T; (respectively 77, respectively i-j ) the matrix
obtained by removing in the matrix 7" the i*" row (respectively the j** column, respectively
the i row and the j** column). To achieve the proof, we should determine the rank of the
matrix M, for this we distinguish the following cases ( all determinants are given up to a
sign):

case 1: \ # _k;“j forall j =1,...,k. M*1 € My(R). A direct computation gives:

k
det(M*FT) = kI [N+ & — ).
i=1
Thus, in this case, clearly we have rk(M) = 2k.
case 2: (\, pu) = (#, %), where j € {1,...,k}, then

k — k
det(M*HH) =Tk —i+1) H2A+k—z I @u—2x-2k+i-1).
i=1 =1 i=j+1

We also have rk(M) = 2k in this case.
case 3: (\, p) = (#, kﬂi;sﬂ) where 1 < s < 57 < k, We have:

k

det(T°t1) = (k:(gd()erl' H 2\ + k —t) tz]ll(m —2A—2k+t—1)

and still we haveAthe same conclusion. ‘
case 4: \ = _k;”, where j € {1,...,k} and p # w, for all s € {1,...,k}. Thus

k
det(M7) = K [ [ (21 — 2X — 2k +i — 1)
=1

and then we conclude as before that rk(M) = 2k.
case 5: (\, ) = (#, W) where 1 < j < s < k. First we consider L = M**! which
is in our case a noninvertible matrix, then we extract from L the matrix (of order 2k — 1)

Z?H 1 The determinant of this matrix is:

k
det(LVH) = (b — 1)1 T2\ + k — i),
B
we deduce immediately that rk(M) > 2k — 1. In order to obtain the equality, we denote
by I';,;¢ = 1,...,2k + 1 the columns of the matrix M and we easily check the following
relationships

J

k—t+1
E o'y + Fitt+1 =0
— 2p — -1

. 2N — 2k +1t
§5F+ (-1 T 0

tlt o 1. 5 A LEk+t —
et A+ k —
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where -
o (k—i+ 1) 2N+ k —1i) .
a 131 W —2A—2kti_1 “='=
01121
and -
1 (k—i+ 12N+ k —1)
P ,H Y 2N —2kti_1 S TestERT
i=s+1
Bs+1=1.
Theorem 7.1 is thus proved. O

Now, by a similar reasoning, we prove the following theorem:

Theorem 7.2. Let k € N*, then

kel dlm( )—|—2 if (/\,u):(_k‘;j_l,kﬂ;sﬂ) where 1<j<s<k+1
dim (J/\ /f) =
’ dim (Jlf\’u) +1 otherwise.

The following corollary gives us the dimension of the space IN L for n € %N*.

Corollary 7.3. Let k € N*. Then
2k 42 if (A, 1) = (0, 3) -
J’;#) = 2k 25— 2+ 1 if (A p) = (ThH BRI ) <o g <

i) dim 5
2k + 1 otherwise.

/N

2k +3 if (A ) = (0, 5)
i) dim(3k+%): 2k + 3 if (A, p) = (7’“, hest2) 1<s<k+1
Aot 2k + 25 — 25 + 3 if (\,p) = (T MRSty ) i< s <k 41
2k + 2 otherwise.

Proof. i) According to Theorem 7.2 we start by the case where
Ap)=35(k+jk+j—s+1),1<j<s<k.

We have: . )
dim (35, ) = dim (7)) +2 = dim (3}, ) + 2.
By writing
A =5Ek-D+h-1,(k=1)+j1—s+1)
where j1 =j€{l,...,k—1}and s; =s—1€ {1,...,k — 1} such that j; < s1, by Theorem
7.2 we get
dim (3&’:1”%) — dim (35,1) +2.
Thus
dim (3%,) = dim (35,1) +4.
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Now, if s > j — 1, we write (\, 1) as
M) =5(k=1)+G=1),(k=1)+(G—1) —(s=2)+1),

and as before one has
dim (35 = dim (35,2) + 4
and by iteration

dim (3§, = dim (35,077 +4(s ).

In this step,
(mh=(5=3)) _ g (R (s=i)=% o .
dim (7T , =dim (7, , +1=dim (7} ,) +2(k—s+j—1),
consequently we have
dim (35,,) = dim (3},,) +4(s = ) +2(k = s+ j — 1) = dim (3} ) +2(k + 5~ j — 1),

Suppose now that \ # _k;j for all j € {1,...,k} then

_1 _ 1

Clearly, we have A # —*=DH=L for all j € {1,--- ,k — 1}, then
_ 1
dim (33,772 = dim (30,7) +1

and

dim (3%,,) = dim (357) + 2 = aim (30) + 4= =dim (3} ,) + 20 1).

For/\:ﬁ,je{l,...,k} andu#@,vts>j,wehave

_ 1
dim (3, = dim (33, 72) +1.

Moreover,)\:% andu#%for allt € {1,...,k—1} with ¢t > j, so

(k—1)+%

dim (35,,) = dim (33,777) + 1 = dim (35,1) 42 =+ =dim (3],,) + 206~ 1).

, : 4if (A, p) = (0,3) . _
~1 _ ’ ’ 9 ~k
Finally, from the fact that dim (J by u) = { 3 otherwise , we can easily deduce dim (J X, u) .
ii) We have
. ( hd dim (35 ) + 2 (A, p) = (T B 1 < j<s <kt
im (J ) = ’
Mot dim 3’; u)t 1 otherwise.
Thus:

o If (\, ) = (_kgj_l, ktj—stly — (7k+§j71), k+(j71);(371)+1), using Corollary 7.3 i), we get

2
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1
dim <3]§\ u) = 2k + 1 when j = 1 or j = s, that means dim (3];22) = 2k + 3 in these cases

and dim (3’;# =% +2(s—1)—2(j —1)+1if 1 < j < s < k+ 1 which leads to the fact

N—

-

that dim (31;—17) = 2k 4+ 25 — 25 4+ 3 in this case.
o If (A, 1) = (0, %) then

+3

dim (337 ) = dim (35,) +1 = (26 +2) +1 = 2% +3,

e Otherwise )

dim (3’;7) = dim <3’;7M) F1=(2k+1)+1=2k+2.

This achieves the proof of Corollary 7.3. O
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