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NUMERICAL COMPUTATION OF THE THERMODYNAMIC
PROPERTIES OF THE ORDERED DIATOMIC LINEAR
CHAIN

by J. DELTOUR (*) and E. KARTHEUSER
Dept. of theorvetical Physics, Unsversité de Liége, Belgique

SyNoPSIS

After a short reminder of the analytical treatment of the main thermo-
dynamic properties of the ordered diatomic linear chain, we give complete
numerical results, as well as effective DEBYE temperature curves, for nine
values of the mass-ratio. Comparison with BLACKMAN’s specific heat curve
and DEBYE temperature reveals serious deficiencies of the latter.

REsume

Aprés un bref rappel du traitement analytique des principales propriétés
thermodynamiques de la chaine linéaire diatomique ordonnée, nous donnons
les résultats numériques complets, ainsi que les courbes de la température
effective de DEBYE, pour neuf valeurs du rapport de masse. La comparaison
avec les courbes de chaleur spéeifigie et de température de DEBYE obtenues
par BLACKMAN révéle de sérieuses erreurs dans le travail de ce dernier.

INTRODUCTION

The knowledge of the exact thermodynamic properties of mono-
atomic and diatomic linear chains is of a great interest in many
physical questions. For example, the specific heat of fibrous
solids such as Se, Te, HI, etc., was successfully interpreted by
Tarasov [1] and de SorBo [2] by means of a chain-like crystalline
model. They, however, considered the chains in the continuum
Debye approximation and it seems that an exact atomic treatment

(*) Aspirant au Fonds National Belge de la Recherche Scientifique,
Présenté par J. Pirenne, le 17 décembre 1964.
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leads to somewhat different values of the characteristic tempera-
tures of longitudinal vibrations. On an other hand, the exact thermo-
dynamic properties of the ordered diatomic linear chain may serve
as a term of comparison in the theory of disordered crystals and
may eventually lead to an evaluation of the magnitude of the
effect of the isotope mixing by the application of the general
theory to this particular case.

To our knowledge, only two works were devoted to the numerical
treatment of the thermodynamic properties of unidimensional
crystals : Blackman [3] computed the specific heat of monoatomic
and diatomic linear chains in order to test the validity of the
Debye approximation and more recently J. PIRENNE and P. Ren-
soN [4] gave a full analytical treatment of the main thermody-
namic properties of the monoatomic linear chain. This last work
reveals the real insufficiency of BLACKMAN’s one where the specific
heat at low temperature is erroneous by some 17 9.

Presuming that the treatment of the diatomic chain might be
affected, in BLackMan’s work, by the same kind of error, and consi-
dering the interest of the question, we undertook a detailed analy-
tical treatment of the thermodynamic potential, energy, entropy
and specific heat of the diatomic ordered linear chain following
methods similar to that of J. PIRENNE and P. ReNsoN. In a paper
to appear in Physica [5] and hereafter referred to as (B) we gave the
detailed analytical developments leading to four series of expan-
sions : a general one, converging at all temperatures and three
better expansions adapted to the high, intermediate and low tempe-
rature ranges. We also gave typical numerical results and diagrams
for a mass ration = 3 showing again serious disagreements with
BrAckMAN’s numerical integration especially at low temperature.

In the present paper we wish to present our complete numerical
results and diagrams for 9 values of the mass ration and for 11 values
of the temperature. We evaluated the four main thermodynamic
functions by means of a new class of transcendent functions which
is a more general case of the transcendent functions met by J. P1-
RENNE and P. ReNsow in their study of the monoatomic chain.
We also present numerical tables of a function of the mass ratio
and of various integrals of elliptic type met in our precedent paper.
All these results will be given after a short reminder of the way
leading to the usefull expansions.
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ANALYTICAL DEVELOPMENTS

The free energy, the energy, the entropy and the specific heat
of an ordered diatomic chain are obtained by multiplying the
frequency distribution function by the corresponding thermodyna-
mic functions of the harmonic oscillator of frequency o and by
integrating over . These quantities may be expressed in terms
of the fundamental units Aoy, /n for F and E and the Borrzman
constant & for S and C (wp is the upper limit of the frequency
distribution). If we choose the suitable reduced temperature

kT
t = (1)

hom

the reduced quantities %, &, &, € obey the conventional ther-
modynamic relations F = & —t&, % = d&[dt, etc. Moreover it
is possible to separate the classical limit to which these functions
tend at high temperature from the quantum deviations which
become important only at low temperature. We have thus

k Oyp
F(«, T) = N. — [F (o, t) + AT (o, t)] (2a)
hom
E(x, T) = N. —= [€e(a, t) + Ay, 1)] (2b)
S(a, T) = N.k. [Le(ar, 1) + AgF(a, 1)] (2¢)
Cla, T) = N.k. [€c(a, t) + AgF(a, t)] (2d)

where o is a dimensionless parameter defined by

function of the masses of the heavy and light atoms M and m.

As shown in (B), the integrals appearing in the evaluation of the
classical limits are all trivial except

(222 — 1)
%x(e) = lg:L de  (4)
V(1 —a2) (222 — 1 —a) (222 — 1 + )
1—a 14
with z:i and & defined by 0 <@<\/ J and %g:vgl

W

the two parts of the interval corresponding to the acoustical and
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optical branches of the vibration spectrum of the diatomic chain.
We shall expose how we did compute this integral in the second
part of this paper.

On the other hand, it is shown in (B) how the quantum deviations
can easily be expressed in terms of the transcendant functions.

T f g Sh(?) . (222 — 1)
2

o =2 (E> vV (1—a2) (222 —1—a) (202—1 + o) de (ba)
T

ouy(0t, 7) = 72% [G(“T’ T)] (5b)

o3, (2, ) = [T. d_dT - 1] o1 (0t 7) (50)

where v = 2t.

The problem of evaluating the thermodynamic functions is
thereby reduced to the evaluation of the o functions. This task may
be carried out by different expansions of (5a). Immediately (5b)
and (5¢) give the expression of oy, and Gs,-

1
If we first develop Sh (Tg> in series of powers of - we obtain
T T

- 27V 1 + 022 + /(1 + 20222 — o2
oo T):TZ~Zg (6)

4n2r2
n=1
This expansion is convergent for all positive value of t. The
computation of this series would however require a great number
of terms especially at low (v < 0,25) and intermediate (0,25 <t<(2)
temperature.
But even at high temperature (v > 2) we found a series more
rapidly convergent than (6) and which correspond to an evaluation
by the moments method of THIRRING’s formula. We had thus
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where the V; are given by recurrence relations that we shall give
in our second §. This expansion is convergent for r > 1.

In the intermediate temperature range we took the 10 first terms
of (6) and we evaluated the rest of the series by a method similar
to that by which we established the expansion (7). We obtained

1 277,1-\/1 + n2q2 \/(l + 2n272)2 — o2
G(a,’r):‘rz‘-lg

2 4n2r2
n=1
@ 1 n+1
J— ‘_E,, J— n o ) — . i 1'7,+1
S I e Ve — > (1)
n=1 j=0
2V %\ INURY ! Z10(2 ! 8
'_<‘"~_4('¥)(j) 1)]2—n'10(n)-;2—~n (8)
j=0

with

fesl

1
ew = > — (9)

m=q+1

We shall give further a table of this partial Riemanian function.
The expression (8) is convergent for v > 1/(g + 1).

For lower temperatures, we established an asymptotic develop-
ment, of the contribution of the acoustical branch of %#(«,t), the
optical branch contribution being of the singular exponential type
and for this reason bringing no contribution to the low temperature
asymptotic expansion. We had thus

ﬁ(a,w>m7§1‘:+[ i i ]

s=n+m+p+2 s=n+m+p+1

1 1
2 §> 1 B
n/ \m/ \p/ b¥+lc2p+l 25(2s — 1)

RO

- 28 (10)
where zp is the zero point energy per atom and B, are the Ber-
NoUILLI's numbers. The other fucntions &, &, € are obtained by

the traditional thermodynamic relations.
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NUMERICAL COMPUTATION AND RESULTS

The computation of the transcendant functions o(x, 1), oy, (o, T),
oy, (@, ) and of the thermodynamic fanctions F(«,t), &(a,t),
S (o, t) and ¥(«,t) was carried out with the aid of the electronic
computer Bull Gamma ET of the « Centre de Calcul » of this Univer-
sity to a precision of 10-5. We used the series (7) for the high tem-
perature range (v > 2), the series (8) in the intermediate tempera-
ture range (0,25 < v <(2) and the asymptotic expansion (9) in the
low temperature range (v < 0,25). We established tables of these
seven functions for values of the « parameter varying from 0.1 to
0.9 by step of 0.1 and for 11 values of the temperature included in
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Fig. 4. — Relative effective DEBYE temperature @, /0 versus ¢, of the
diatomic chain for nine values of the « parameter
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0 <7 < 5. The diagrams 1, 2, 3 and the tables 1 to 7 give our
results. By means of the numerical values of €(«, t) we established
the curves of the Debye characteristic temperature versus ¢. They
are shown in figure 4.

The integral (4) does not seem to be reductible to known trans-
cendant functions and we were lead to evalute it by numerical
integration. We used the Gauss formula

+] n
fx) - da = H; . f(a; 11
f_} x) - du Z (ay) (11)

where the a; are the roots of the Legendre polynomial of degree n.
The H; are statistical weights affecting the values of the function
at the different points of partition of the interval. For a complete
discussion of this method see reference [6].

We integrated our function analytically at each limit of both
acoustical and optical intervals on a width of 1/1000 of the interval.
Owing to the fact that we had only at our disposal the values of the
aj up to % = 16 [7] and in order to reach a sufficient precision we
were obliged to divide both intervals in two half intervals and taking
n = 16 in each one we had thus 32 points of division for each
branch. The values of this integral are collected in table 8.

The V; functions apperaring in the high and intermediate tem-
perature expansions are defined by

_ f du (12)
T (71 + k- sn2u)
They are given by the recurrence relations
Vo(k) = K(k)
1
Vo o L
Vilh) = g [+ 20 B Val
1
Toll) — —— 4 23
Va(k) k(UL TP (k. E(k) + k(1 + k) Vo + (234 4k2+2k) V4]
1
T nsa(k)= - [ —5)k2V p, — (2m— 3 2+k) Vi
Vinss(k) 4(m+1)7a(1+k)2L(2m 5)k2V (2m—4)(k3+3k2+ k) V1
+(2m—3) (k3 + 2K2-+F)V 0] (13)
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where K(k) and E(k) are the complete elliptic functions of first and
second kind. The parameter k, which is known as the « modulus »
in the theory of elliptic integrals has of course nothing to do with
the BOLTZMAN constant and is defined by

_l+a.

]l —oa

k

We calculated these functions in the table 9 by the recurrence
relations (13) for the 9 values of the o parameter and for j up to 20.

Finally, in the intermediate temperature expansion we were
lead to compute the {10(2n) defined by (9). The values are given in
table 10 with 6 significant figures for » varying from 1 to 19.

CONCLUSIONS

Our complete results confirm the definite disagreement with
BrackMAN’s numerical integration already found in (B). The
inflexion point of the specific heat curve, missing in BLACKMAN’s
work, remains for all value of the mass ration. Moreover, at low
temperature our curves do not coincide with BLACKMAN’s ones.
This is particularly appearent in the effective DEBYE temperature
curves (fig. 4) where for high values of the « parameter we obtain
a minimum while for low values of « our minimum is more pro-
nounced than BLAckMAN’s one.

This work leads us to meet a new class of transcendant functions
o(x, ) which are a generalization of the o(r) found by J. PIRENNE
and P. RENsoN in their study of the monoatomic chain. These
functions do not seem to have been studied. We gave here exten-
sive numerical tables of them, diagrams and various expansions
in powers of 1. But it seems that a more complete analytical treat-
ment should be interesting for they provide a very useful tool for
the study of the disordered diatomic chain.
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TaBLE 8

o n(a)

o | — 1,08879
0,1 — 1,09239
0,2 — 1,10443
0,3 —1,12541
0,4 — 1,15683
0,5 — 1,20133
0,6 — 1,26362
0,7 — 1,35282
0,8 — 1,48966
0,9 — 1,74072

Numerical values of the w(o) function
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Numerical values of the incomplete Riemanian function Cio(2n)

9,61663 102
2,86650 10—
1,54954 10—
9,94268 10—°
6,92686 10—1¢
5,06219 1018
3,81542 10—18
2,93753 10—
2,29656 10—
1,81605 10—21
1,44861 1022
1.16334 1025
9,39225 1028
7,61498 10-3°
6.19504 1032
5.05375 1034
4.13197 102
3.38451 1038

2.77644 104
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