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ABSTRA

We put in evidence the symmetries associated with the quantum versions of a
completely integrable Hamiltonian recently introduced by Calogero. The corresponding

symmetry algebra is seen to be sp(2;IR).
RESUM

Nous déterminons les symétries associées aux versions quantiques d'un Hamil-
tonien complétement intégrable récemment introduit par Calogero. L'algebre de symétrie

correspondante pour chacune des versions est sp(2;IR).
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I Introduction

Recently, much attention has been devoted to the study of a particular family of hamil-
tonian systems

H= i PP f(95 — &) (L1)
Jk=1 ) i

where the function f fulfills the conditions

f(=2) = f(z) and f(—2) = —f'(a) , (12)

the prime meaning the first derivative with respect to . The main reason is its possible
application in fluids mechanics and non linear partial differential equations [1]. Calogero
played an important role in that development. For example he has established the complete
integrability {2] and the corresponding quantum versions [3] of the classical Hamiltonian

H= 3" pipe A+ u cos(g; — )] (13)
Jk=1

where n is an arbitrary positive integer and A, 4 are arbitrary real constants.
In this paper we want to complete Calogero’s considerations by searching for first order
symmetry operators associated with two quantum versions [3] of (1.3), i.e.

n
HY = AP’ +u Y (o cos(g; — q)pipe + B pjpe cos(g; — gi)

jik=1
+ (1-a-p)p; cos(q; — q) px) (14)
and
H® =)\ p? 4 I Z pjei("f"”")pk (I”s)
Jk=1
where o and 3 are arbitrary constants and
n
P=3p (16)
=1

Our motivations are the increasing interest in the above Hamiltonians and the fundamental
role of symmetries and algebras in quantum physics. We limit ourselves for simplicity to
the case A + 1 = 0 and n = 2. The associated algebra for both (I1.4) and (1.5) is shown to
be sp(2; R)

The second section deals with symmetries of H()) while those of H® are presented in
the third one.

70



II Symmetries of H(!)

As hermitian Hamiltonians are physically interesting we consider the case o = f in

(1.4) and deal with :

HY = gi(q1, ¢2)p1p2 + 92(q1, @2)71

+ 93(q1, @2)p2 + 94(q1, 92)

where

g1 =2)[1—-cos(g; — q2)]

gs = —ihA sin(q; — @)

Next, let us recall [4] that a first order linear differential operator

Q = filgr, g2)p1 + f2lq1, @2)p2 + falgs, 42)

(IL1)
g2 = ih) sin{g1 — ¢2) ,
(IL2)
g4 = 20R%X\ cos(q — @) -
(11.3)

is a symmetry operator of the Schrédinger equation associated with H if it transforms a
solution into another one. Here we deal with the time-independent Schrodinger equation

and the condition on Q is then [5]

[HY,Q] =@

where v is a constant.

(11.4)

When the operator equation (I1.4) is applied to a function one gets the following system :

afr

gl'a—q“ =

3}‘2 _
I oa

h 8f b 8fs
i!h'(%; + ;91 Bas
&fy h Ofs h 0fs

13 p g s B
o 0q10g, 1 NBq T 19%0q
8 fi fl Ofs  h Ofi
. 2 —_ —— — PR

W qoe T 1, V%0 T
Pfs h Bfs h Ofs

—h? Lot 4 g2 o
90000, T 1%%8q, T %30,
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G,

0,

h, O0g R ‘3!]1_

i‘flaq ——2aq2-—0,

h 8](2 h ,8g3 h ags_ .

i‘gsaq fxaq 26q vf2
(IL5)

h 8fi ﬁ 0g2 h 092 _ .

gs@q 13q 26q vh o,

E ‘?Eé_ff ‘_3_%_ f
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The use of (I1.2) reduces the system to :

Ofy
=t =9,
0g2
0fs
22— 9,
on
7] 9 .
(1 —eostas - ) (324 32) ~ sintan - (5 - £ =0
q2
of . . a
20 [1 — coslas ~ @ 22— A sinlar — g2 |
+ kA cos(qy — @)(fr — fo) = ';.;sz )
(116)
8f3 . . afl
2X[1 - cos(q1 — ¢2)] Pes + A sin{qr — ¢2) 3, |
— ihA cos(qy — @)(fL — fo) = ‘;{’fo ,
52+ ‘ . 1s) af;
—ih2A [1 — cos(qy — ¢2)] aqlgjh + kX sin(g: — g2) (ﬁ - 852)
+ 2ah®) sin{qy — @)(fi - f2) = %’st .
A suitable change of variables to solve (I1.6) is
T=q -4
{ y=a+a o
which leads to :
on _ oh
Oy oz ’
oh _ _9h
dy oz '’
2(1 ~ cosa:) (fl fa) — sinz(fi— f2) =0
(11.8)
fs @ oiry w0 . »
2M(1 — cosx) (-— + Efyi) + 2iRA smx—gg- + kX cosz(fi — fo) = %'yfz ,
2X(1 —~ cos z) (——ﬁ + %) + 2iR\ sinx%v — k) cosz(fy — fo) = %’fo ,
. ’fs  0%fs 0fs . i,
2ihA(1 — cos ) (6 2 " 2) + 2iRA Slnﬁ—a‘; + 2ah*X sinz(fi — fo) = ‘ﬁ')’fs '
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Solving first the subsystem of the first three equations, we obtain :

{be§y(ei’ — 1)+ ce (e — 1)] +a,

‘ - =1
ho= 2v/1—cosx

(11.9)
1 i : i .
J —_— e 5¥ —-tr __ ~sY (1T __
fo = 2\/1_-——'35;5[1)62 (e 1) 4+ ce"2¥(e 1)]+a ,
where a, b and ¢ are arbitrary constants.
For the remaining last three equations, we have a solution only in the case
1
7=0 and a= 1 (1110)
which is
~thsinz i i :
3= —m=—— (be?¥ + ce") +d 111
fs 2\/1—cosx(e +ee )+ ( )

d being an arbitrary constant.
Then the solution of the whole system is given by equations (I1.9) and (II.11).

Setting one for each of the above constants (a, b, ¢ and d) and zero for the remaining
ones, we obtain four symmetry operators associated with H!), They correspond to the
following expressions (IL.3) :

Qi = p+p,
Q, = _____e%y___[_,(e"“_l)p + (e —1)py — ik sin:l:]
2v1—cosz ! ’
. (11.12)
= e -z _ 1 ik si
@ = g [ - Upr ot (e - D in sing]
Qs =1

where I denotes the identity operator.
The next step is to derive the corresponding algebra. From commutation relations we
deduce that the operators @y, Q; and Q3 form the algebra sp(2,R) = s0(2,1) as (h = 1) :

[Q2,Q3) = —-Q1 , [Q1,Q2] =Q2 and [Q,Qs]=-Q5 . (IL13)
They evidently commute with Q4.

III Symmetries of H®
We first extend the expression (1.5) of H® in powers of p; and p, like (I1.1) for H® :
H® = hy(q1, 2)p1p2 + ha(a1, 2)p1 + ha(91, 42)p2 + halar, 02) (IlL.1)

73



where

hy=2\[1—cos(q1 —q2)] , hg=—hre i@ 0
(111.2)
hy = —RAeéfw—®) | p,=0 .

Next; we follow step by step the procedure initiated in section II to put in evidence symme-
try operators, the difference being the replacement of (I1.2) by (II1.2) and its consequences.
Then, it turns out that symmetry operators associated with H® are given by :

K1 = p1+p2 ,
K = __i__ [__(eia: - 1) + (e‘iz — 1) - Zzhsmx]
* 7 9 ficcosz P P ,
(111.3)
K. = __.e:él___ [—(e_iz - p + (e“” - 1) ]
¥ T 9 /i-cosz P Pl
K = 1.

Commuting the above operators one gets the following central extension (A = 1) :

{Kly K2] = KZ ) [Kh K3] = '—K3 ’
(I1L.4)
[Kg, K3] = —(Kl + K4) ) [K,', K4] =0 3 1= 1,2,3

which is isomorphic with sp(2;®R). Then we can say that H® is also associated with
sp(2; R).

Let us remark that the third quantum version of H [3] proposed by Calogero cannot be
extended in integer powers of p; and p, with the coefficients depending only on ¢; and g¢s.
Our method cannot be applied to it.
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